Generalized Lelong numbers ν(T, ϕ) due to Demailly are specified for the case of positive closed currents T = dd c u and plurisubharmonic weights ϕ with multicircled asymptotics. Explicit formulas for these values are obtained in terms of the directional Lelong numbers of the functions u and the Newton diagrams of ϕ. An extension of Demailly's approximation theorem is proved as well.
Introduction
A standard quantative characteristic for singularity of a plurisubharmonic function u at a point x ∈ C n is its Lelong number where M(u, x, r) is the mean value of u over the sphere |z − x| = e r , see [6] . Various results on Lelong numbers and their applications to complex analysis can be found in [9] , [11] , [5] , [10] .
A more detailed information on the behaviour of u near x can be obtained by means of the refined, or directional, Lelong numbers [7] ν(u, x, a) = lim where a = (a 1 , . . . , a n ) ∈ R n + and λ(u, x, b) is the mean value of u over the set {z : |z k − x k | = exp b k , 1 ≤ k ≤ n}.
A general notion of the Lelong number with respect to a plurisubharmonic weight was introduced by J.-P. Demailly [2] . Let ϕ be a semiexhaustive plurisubharmonic function on a domain Ω ⊂ C n , that is, B is called the generalized Lelong number of u with respect to the weight ϕ. For a detailed study of this notion, see [4] . An analog of formula (1. (ϕ r = max{ϕ, r}). In particular, ν(u, x) = ν(u, log | · −x|) and ν(u, x, a) = a 1 . . . a n ν(u, ϕ a,x ) (1. 5) with the weight ϕ a,x (z) = max
Actually, the Lelong number ν(u, ϕ) is a function of asymptotic behaviour of the functions u and ϕ near x, that follows from the Comparison Theorem due to Demailly, which we state here in a form convenient for our purposes.
, Th. 5.9). Let u 1 and u 2 be plurisubharmonic functions on a neighbourhood of a point x ∈ C n , ϕ 1 and ϕ 2 be plurisubharmonic weights with ϕ
The generalized Lelong numbers give a powerful and supple instrument for investigation of singularities of plurisubharmonic functions. Another thing is that one pays for the universality of such numbers with lack of explicit ways for their evaluation. The objectives for the present note are to look for a subclass of the weights which is wide enough and at the same time convenient for treatment. Theorem A suggests that one should try to consider weights with certain "regular" asymptotics. The condition ϕ(z) ∼ log |z − x| reduces the situation to the standard Lelong numbers and gives nothing new. To deal with more refined asymptotics, we consider here two classes of the weights.
The first one uses the notion of local indicator [12] . Let a plurisubharmonic function Φ defined in the unit polydisk D = {z ∈ C n : |z k | < 1, 1 ≤ k ≤ n} be nonpositive there and satisfy the relation
We will call such functions (abstract) indicators. The homogeneity of indicators implies (dd c Φ) n = 0 outside the origin, provided Φ −1 (−∞) = 0. Such functions seem to be good candidates for the weights we are looking for. Besides, the indicators present a scale of plurisubharmonic characteristics for local behavior of plurisubharmonic functions near their singularity points. Namely, given a plurisubharmonic function v, its local indicator at a point x is a plurisubharmonic function Ψ v,x in the unit polydisk D such that Ψ v,x (y) = −ν(v, x, a), a = −(log |y 1 |, . . . , log |y n |). (1.8) It is the largest negative plurisubharmonic function in D whose directional Lelong numbers at 0 coincide with those of v at x, so
near x. Besides, as was shown in [14] , Ψ v,x can be described as the limit (in L 
The second equation is evident since Ψ ϕa,x = ϕ a,x , while the first one is of some interest because it does not follow from Theorem A (no assumption on asymptotic behaviour of u is made).
We will say that a weight ϕ with ϕ −1 (−∞) = x is almost homogeneous if it is asymptotically equivalent to its indicator Ψ ϕ,x , that is,
It is easy to see that if the limit exists, it necessarily equals 1. Besides, the residual Monge-Ampère measure of every almost homogeneous weight ϕ at x, (dd c ϕ) n (x), coincides with that of its indicator. An example of such a weight is ϕ(z) = log |F (z)| with a holomorphic mapping
Generalized pluri-complex Green functions with respect to given indicators [12] give another example of almost homogeneous weights.
Note that every plurisubharmonic weight ϕ is the limit of a decreasing sequence of almost homogeneous weights with the same local indicator as ϕ. Indeed, these are ϕ N (z) = sup{ϕ(z), Ψ ϕ,x (z − x) − N}, N > 0.
Below we show that the generalized Lelong numbers with respect to almost homogeneous weights inherit some nice properties from the standard and directional Lelong numbers. In particular, calculation of ν(u, ϕ) can be reduced to that for the indicators, both of u and ϕ (note that no regularity of u is assumed). Namely, let ϕ x (z) := ϕ(z − x) and ϕ
, which is an extension of relation (1.11). Further, by a slight modification of Demailly's arguments [3] we show that any plurisubharmonic function u in a bounded pseudoconvex domain Ω ⊂ C n can be approximated by a sequence of functions
σ ml being holomorphic in Ω, such that for every almost homogeneous weight ϕ,
with some constant A = A(ϕ) (Theorem 3).
Finally, we give a geometric description for the swept out Monge-Ampère measures µ Φ r for indicators Φ (Theorem 4), which leads to explicit formulas for the numbers ν(u, ϕ) with almost homogeneous weights ϕ in terms of the directional Lelong numbers of u and ϕ (Corollary 1). When ϕ = log |g| with a holomorphic mapping g, g(0) = 0, this reduces to computation on the Newton diagram of g at the origin.
Another choice of a class of the weights are those whose behaviour near x is asymptotically independent of the arguments of z k − x k , 1 ≤ k ≤ n. Namely, we will say that a plurisubharmonic function ϕ on a domain Ω ⊂ C n has a multicircled singularity at a point x ∈ Ω (or that ϕ is almost multicircled near a point x ∈ Ω) if there exists a multicircled plurisubharmonic function λ (i.e. λ(z) = λ(|z 1 |, . . . , |z n |)) in a neighbourhood of the origin, such that
In the terminology of [17] , it means that ϕ has a standard singularity generated by a multicircled function. It is easy to see that ϕ has multicircled singularity at x if and only if it satisfies relation (1.15) with λ equal to some "circularization" of ϕ, say, to the mean value
or to its maximum on the same set.
Evidently, every almost homogeneous weight is almost multicircled, however the converse is not true. On the other hand, it can be seen that each multicircled weight ϕ has the same residual Monge-Ampère measure at x as its indicator has at the origin [15] , so one might hope that the above results could be extended to the whole class of almost multicircled weights. This turns to be really the case, but only when it concerns plurisubharmonic functions u whose −∞ sets do not contain lines parallel to the coordinate axes. Namely, we prove (1.13) and (1.14) for every almost multicircled weight ϕ and functions u with the above extra condition. And, surprisingly, it fails to be true, for instance, when u(z 1 , 0, . . . , 0) ≡ −∞ and x = 0.
Notation. Throughout the paper, D is the unit polydisk in C n , Ω is a domain in C n , and P SH(Ω) is the collection of all plurisubharmomic functions on Ω. If x ∈ Ω and a function u ∈ P SH(Ω) is such that its restriction to each line {z : z j = x j ∀j = k}, 1 ≤ k ≤ n, is not identically −∞, then we will write u ∈ P SH * (Ω, x). The Lelong number of u at x is denoted ν(u, x), and ν(u, x, a) and ν(u, ϕ) are its directional (1.2) and generalized Lelong numbers (1.3). Any plurisubharmonic function Φ in D satisfying (1.7) will be called an indicator, and the function Ψ v,x defined by (1.8) is the (local) indicator of v at x. The class of all plurisubharmonic weights ϕ in a neighborhood of the origin, ϕ −1 (−∞) = {0}, will be denoted by W , and its subclasses consisting of almost homogeneous and almost multicircled weights, in the sense of (1.12) and (1.15), will be denoted by W h and W m , respectively.
Reduction to indicators
Proposition 1 Let u ∈ P SH(Ω), x ∈ Ω, and the functions T m,x u be defined by (1.10). Then for each weight ϕ ∈ W there exists the limit
Proof. As was mentioned in Introduction, On the other hand, the functions T m,x u have the same indicator at the origin for all m, and it coincides with Ψ u,x . By (1.9), T m,x u ≤ Ψ u,x + C m near the origin, so ν(T m,x u, ϕ) ≥ ν(Ψ u,x , ϕ) ∀m, and the proof is complete. Now we specify the weight ϕ to be almost multicircled. For a function f defined on a subset of
with multicircled λ from (1.15), the second equation being a consequence of relation (1.15) in view of Theorem A. Actually, a stronger relation takes place.
2) holds for every function u ∈ P SH(Ω); c) there exist a multicircled function u and a weight ϕ ∈ W m such that ν(u, ϕ) > ν(Ψ u,0 , Ψ ϕ,0 ).
Proof. When ϕ is an indicator (i.e., Ψ ϕ,0 = ϕ), relation (2.2) follows from Proposition 1:
by the homogeneity of indicators (see (1.7) ). The right-hand side equals ν(u −x , ϕ), and the statement follows from (2.1) and Proposition 1. By Theorem A, this implies b).
To prove a), we need the following Lemma 1 Let v ∈ P SH * (D, 0) be multicircled in the unit polydisk, then for every r ∈ (0, 1) there exists a constant A > 0 such that
Proof of Lemma 1. Consider the function v 1 (ζ) = v(ζ, 0, . . . , 0) − C 1 with C 1 such that sup{v 1 (ζ) : |ζ| < 1} = 0. Since the ratio v 1 (ζ)/ log |ζ| decreases to ν 1 ≥ 0 as |ζ| ց 0, we have v 1 (ζ) ≥ A 1 log |ζ| for some A 1 > 0 and all ζ with |ζ| ≤ r. Therefore,
The same arguments for j = 2, . . . , n complete the proof of the lemma.
Let now ϕ ∈ W m and u ∈ P SH * (Ω, 0). By (2.1) we may assume ϕ to be multicircled. In this case, ν(u, ϕ x ) = ν(λ u,x , ϕ) with the function λ u,x defined by (1.16). So, it suffices to prove the assertion for nonpositive, multicircled functions u ∈ P SH * (D 2r , 0) in a polydisk D 2r = {z : |z k | < 2r, 1 ≤ k ≤ n}, r ∈ (0, 1/2).
As was mentioned in Introduction, the functions
as R → +∞, with U * = Ψ u,0 and Φ * = Ψ ϕ,0 . Let A > 0 be chosen as in Proposition 1 for both u and ϕ, and L = 2A log r. Denote v R (z) = max{u R (z), L}, w R (z) = max{ϕ R (z), L}, V (z) = max{U(z), L}, W (z) = max{Φ(z), L}, P (z) = max{Ψ u,0 (z), L}, Q(z) = max{Ψ ϕ,0 (z), L}. By the choice of L, v R = u R and w R = ϕ R near ∂D r for all R ≥ 1, as well as P = Ψ u,0 and Q = Ψ ϕ,0 there. Then
On the other hand, v R ր V , w R ր V , V * = P , and W * = Q, so by the convergence theorem for increasing sequences of bounded plurisubharmonic functions [1] ,
Being compared with (2.3) it gives us the relation ν(u, ϕ) ≤ ν(Ψ u,x , Ψ ϕ,0 ). As the opposite inequality is true due to Theorem A, the proof of a) is complete. Finally, consider the function ϕ(z 1 , z 2 ) = max{−| log |z 1 || 1/2 , log |z 2 |}. Clearly, Ψ ϕ,0 ≡ 0. At the same time, for the function u(z) = log |z 1 |, we have ν(u, ϕ) = 1.
Remark. If u is a semiexhaustive plurisubharmonic function in Ω, u −1 (−∞) = x, its residual Monge-Ampère measure (dd c u) n ({x}) at x is just its generalized Lelong number ν(u, ϕ) with respect to the weight ϕ = u, while the residual measure of its indicator Ψ u,x is, by the definition, the Newton number of u at x [14] . Theorem 1 then implies in particular that for every almost multicircular function u ∈ P SH * (Ω, x), its residual measure equals its Newton number, the result proved earlier in [15] .
Approximation theorems
An important theorem on approximation of plurisubharmonic functions was obtained by J.-P. Demailly ([3] , Proposition 3.1). Let Ω be a bounded pseudoconvex domain, u ∈ P SH(Ω), and {σ ml } l be an orthonormal basis of the Hilbert space
Consider the functions
Then there are constants C 1 , C 2 > 0 such that for any point z ∈ Ω and every r < dist (z, ∂Ω),
In particular, u m → u pointwise and in L 1 loc (Ω), and
Here we will show that actually the singularities of the functions u m are almost the same that of u not only in the sense of the standard Lelong numbers but also with respect to arbitrary almost homogeneous weights, as well as with almost multicircled weights (subject to the same restriction as in Theorem 1).
We start with the following modification of Demailly's result.
Theorem 2 Given a bounded pseudoconvex domain Ω, there are constants C 1 , C 2 > 0 such that for any function u ∈ P SH(Ω) and every z ∈ Ω, the functions u m defined by (3.1) satisfy the relations
Proof. The first inequality in (3.2) is the same as in Demailly's Approximation theorem, and we repeat its proof here for completeness. Let u(z) = −∞. By the Ohsawa-Takegoshi extension theorem [13] applied to the 0-dimensional subvariety {z} ⊂ Ω, for any a ∈ C there exists a holomorphic function f on Ω such that f (z) = a and
with a constant C = C(n, diam Ω). Choosing a such that the right-hand side equals 1 we get f ∈ B m , the unit ball in the space H m . Since
The proof of the second inequality in (3.2) is a slight modification of the corresponding arguments from [3] . For any g ∈ H m ,
and so by (3.4)
The first inequality in (3.2) implies Ψ u,x ≤ Ψ um,x ∀x ∈ Ω. To get the other bound, take any y ∈ D, y 1 . . . y n = 0, and R > 0. Then for
and the limit transition as R → ∞ gives us the desired inequality in view of the definition of the indicator (1.8) and (1.2).
Remark. In terms of the directional Lelong numbers, relations (3.3) have the form
For the indicators, the relation corresponding to (3.5) is true for all y with y 1 . . . y n = 0, while when y 1 . . . y n = 0 the regularization is needed:
Theorem 3 In the conditions of Theorem 2,
for any almost homogeneous weight ϕ and τ k (ϕ) = ν(log |z k |, ϕ). The same is true for every weight ϕ ∈ W m provided u ∈ P SH * (Ω, x).
Proof. Let ϕ ∈ W h . Denote Φ = Ψ ϕ,0 . By Theorems 1 and 2,
Similarly,
If u ∈ P SH * (Ω, x), then (3.3) implies u m ∈ P SH * (Ω, x) for each m, so all the above arguments work with arbitrary weights ϕ ∈ W m , too. The only exception is the relation ν(log |y k |, Φ) = τ k (ϕ) which is to be replaced with the inequality ν(log |y k |, Φ) ≤ τ k (ϕ). 
When (dd c ϕ) n = τ δ x , δ x being the Dirac δ-function at x, the Lelong-JensenDemailly formula leads to the representation formula for plurisubharmonic functions:
and ν(u, ϕ) = lim r→−∞ r −1 µ ϕ r (u). In the case of ϕ = ϕ a,x given by (1.6), µ 
where MA is the real Monge-Ampère operator, see the details in [14] . We recall that for smooth functions v,
and it can be extended as a positive measure to any convex function (see [16] ). So,
So, we only have to find an explicit expression for the measure γ
. As was shown in [16] , for any convex function v in a domain G ⊂ R n ,
is the gradient image of the set F for the surface {y = v(x), x ∈ G}. Given a subset F of L Φ , we put
Note that Γ Φ L Φ is an unbounded convex subset of R n + and f is the restriction of its supporting function to R n − . When Φ is the indicator of log |g| for a holomorphic mapping g = (g 1 , . . . , g n ), g(0) = 0, the set Γ Φ L Φ is the Newton diagram for g and R n + \ Θ Φ L Φ is the Newton polyhedron for g at 0 [14] as defined in [8] . In this case, Γ Φ F is the union of bounded faces of the polyhedron corresponding to F .
The proposition is proved.
Proposition 3
The measure γ Φ −1 is supported by E Φ , the set of extreme points of the convex set {t : f (t) ≤ −1}. So, Corollary 1 gives a quantative expression for the fact that the generalized Lelong number of a plurisubharmonic function u with respect to a regular weight ϕ is completely determined by the directional Lelong numbers of u and ϕ.
Note that, under no regularity condition on a weight ϕ, we have always the inequality ν(u, ϕ) ≥ n! E Φ ν(u, x, −t) dγ Φ −1 (t).
Of course, when ϕ = log |g| with g a holomorphic mapping, g(0) = 0, the set E Φ is finite and the measure γ Φ −1 charges it with the volumes of the cones generated by the corresponding (n − 1)-dimensional faces of the Newton polyhedron of g.
